We present an extensive quantum Monte Carlo study of a nearest-neighbor, singlet-projection model on the kagome lattice that exhibits SO(N ) symmetry and is sign-problem-free. We find that in contrast to the previously studied SU(N ) variations of this model, the non-bipartite lattices appear to harbor spin-liquid phases for intermediate values of N , a result also seen on the triangular lattice with this same model. Unlike the triangular lattice, however, the kagome lattice appears to admit no valence bond solid (VBS) phase for large N , instead remaining a spin-liquid. We also observe that the spin-ordered phase survives to a relatively large value of N , at least N = 8, and that it is gone for N = 10; the fate of N = 9 remains unclear.
INTRODUCTION
The search for exotic quantum phase transitions in two dimensions (2D) has been a fruitful endeavor from the perspective of numerical investigations. Of note is the prediction, detection, and characterization of socalled deconfined quantum critical points. These critical points defy traditional Landau-Ginzburg-Wilson theory of phase transitions by allowing for a direct, continuous transition between two phases that break fundamentally different symmetries. Furthermore, numerical evidence corroborated the claim that at the critical point, an emergent U(1) gauge field mediates interactions between spinon degrees of freedom that are normally confined in the adjacent phases. [1] The numerical linchpin to the success of these studies was the development of SU(N )-symmetric spin-singlet projection models deployed on several different bipartite 2D lattices. [2] [3] [4] A natural extension is to consider the same type of signproblem-free operator on a non-bipartite lattice, such as the kagome, where the symmetry is merely SO(N ). That is precisely what we endeavor to do here.
MODEL
We consider the kagome lattice where each site has a Hilbert space of N states, denoted for site j as |α j where α = 1, . . . , N . By using the fundamental representation of SO(N ) on each site it is possible to construct spin singlets on any two sites:
We can then construct the singlet-projection operator for a pair of sites asP ij = |S ij S ij |. This follows closely the previous numerical study on the triangular lattice [5] . We consider this operator acting on nearest neighbors of the lattice and this is the first term in our model Hamiltonian:
We can study this model on its own for integer values of N to map out the phase diagram as a function of the symmetry order (see Results below). To gain a more detailed understanding of the phase transition between observed phases, we can add a second term that acts on the shortest bonds joining sites on the same sublattice (denoted {ij}; see Fig. 1 ):
whereΠ ij = (1/N ) α,β |αβ ij βα| ij , the so-called permutation operator, which encourages spin ordering. Our full model is thusĤ =Ĥ J1 +Ĥ J2 . By varying g ≡ J 2 /J 1 , we can continuously tune from the spin-liquid phase for some large N to the spin-ordered phase and perform a detailed study of the properties of the phase transition. A detailed study along these lines will be presented in a later publication.
MEASUREMENTS
In all cases, we study lattices with
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• apart. Periodic boundary conditions are enforced along these directions, which preserves the rotational symmetry of the lattice. We employ the stochastic series expansion method for our quantum Monte Carlo, which samples via local bond updates and global loop updates. Aside from some proprietary measurement code, the QMC algorithm was developed and described in detail by Anders Sandvik. [6] We will now discuss the particular numerical measurements we make for this study. First, to assess the spinordered phase, we introduce the N × N spin operator:
and the corresponding spin-spin correlation function:
The spatial Fourier transform gives the spin static structure factor:
which will exhibit a Bragg peak at k = 0 when spin order is present, the height of which will diverge as the system size is increased. Values of the spin static structure factor at neighboring values of k will correspondingly die off.
To facilitate detection of the spin order, we can therefore define a spin order parameter as follows:
which will trend to zero if no spin order is present and will trend to one when spin order is present as L → ∞. Next, to search for VBS order, we first define a simple bond operator intended to correspond to every nearestneighbor bond on the lattice indexed by b = 1, . . . , N bond :
where b [1] and b [2] are site indices referring to the first and second sites, respectively, on a given bond. Here, the label τ indicates a moment in discretized imaginary time within our Monte Carlo scheme (more details below). The corresponding VBS correlation function with appropriate subtraction is:
(8) Now we perform a spacetime Fourier transform at zerofrequency to obtain the VBS susceptibility: where β is the usual reciprocal temperature. Why we use imaginary-time-dependent operators for some measurements and not for others is purely based on efficiency of the measurement within our particular Monte Carlo scheme; these details do not affect the conclusions. A critical difference here from the spin case is that we do not know the location of the Bragg peaks, if any, at the outset. Instead, we must search for peaks and assess their scaling as L → ∞.
RESULTS
We began by studying the J 1 -only model while varying N to determine how the symmetry order affected the realized phase. A modest investigation using system sizes L = 16, 24, 32, 48 (Fig. 2) revealed that spin order persists for N ≤ 8 and is definitely not present for N ≥ 10. At N = 9, there is a very weak signal in the spin order parameter, but the data shows a non-monotonicity suggesting that for larger system sizes, the signal might strengthen and spin order may indeed be present. It was not deemed a worthwhile expenditure of resources to find out since the spin-ordered phase could be well understood from the smaller values of N and, should the spin order fail to persist, the resulting phase would most likely be the same as for the larger values of N , a spin liquid.
In past investigations, such as the one referenced earlier on the triangular lattice, the spin-liquid phase eventually gave way to a VBS phase for large N and there exist dimer models in the large-N limit that provide reasonable explanations for this behavior. In the case of the kagome lattice, however, the question of what should theoretically happen at large N remains murky. We had hoped to provide evidence that would aid in settling this question, but, regrettably, our code has significant limitations in the non-spin-ordered regime and especially for values of N approaching 20. If and when a VBS pattern with a reasonably small unit cell exists, we can detect it reliably. This was the case even for the relatively extended √ 12 × √ 12 VBS present for this model on the triangular lattice for large N . [5, 7, 8] However, confirming the absence of a VBS phase is significantly more challenging as a weak signal could be difficult, if not impossible, to discern from the noise. Error bars for the VBS order parameter tend to be large and the large system sizes necessary to realize an extended and potentially incommensurate VBS pattern quickly become intractable. Examination of χ VBS (k) in search of potential Bragg peaks is hindered by these issues, but no prominent or consistent peak locations were evident for large values of N across a range of system sizes. For this reason, we feel comfortable concluding that no VBS order is present, at least up through N = 20.
CONCLUSION
Our quantum Monte Carlo study of the SO(N ) projector model on the kagome lattice reveals the existence of only two detectable phases: a spin-ordered phase for small values of N and a spin-liquid phase showing no signs of ordering in the ground state for larger N . This result is in contrast to the study of the same model on the triangular lattice, which, though it found an intervening spin-liquid phase, concluded that the spin-liquid phase eventually gave way to VBS order for sufficiently large N . We propose further study of the large-N scenario on the kagome lattice to verify the absence of a VBS phase. A field-theoretic prediction of what a stable VBS phase would look like on the kagome or evidence that no such phase should form would aid enormously in this effort. On the numerical front, we can make the J 1 coupling stronger along one natural axis of the kagome lattice to force VBS order. By analyzing the pattern, we can identify where the Bragg peaks would occur in momentum space were VBS order to manifest in the isotropic case. This would allow for a more controlled search for VBS order.
Preliminary investigations of the phase transition between the spin-ordered and spin-liquid phase (using the J 1 -J 2 model described above) suggest a continuous transition with somewhat bizarre critical behavior. A more detailed study of this transition is warranted. There exists ample opportunity for extensions of these investigations. In particular, we plan to consider our same model on the three-dimensional pyrochlore lattice. To our knowledge, a controlled numerical study of the SO(N ) projector model on a three-dimensional lattice has not been undertaken. Should a spin-liquid also be realized there, it will be significant to catalog how the critical properties of the transition to the neighboring spinordered phase measure against the already catalogued two-dimensional examples.
